In this paper the helical flows of fractionalized Maxwell fluid model, through a circular cylinder, is studied. The motion is produced by the cylinder that at the initial moment begins to rotate around its axis with an angular velocity 
Introduction
There are many rheological complicated fluids such as polymer solutions, blood, viscoelastic material and certain oils which are inadequately described by a Newtonian constitutive equation that does not show any relaxation or retardation phenomena. Because of complexity, there are several models of non-Newtonian fluids in the literature. One of the most popular models for non-Newtonian fluids, which characterize the behavior of viscoelastic fluids is the model of Maxwell fluids, whose different flow ge-ometry was discussed in [1] [2] [3] [4] [5] [6] [7] [8] . It should be emphasized that the set of mathematical equations in the theory of viscoelasticity, as well as in other phenomenological theories characterizing a physical system, describes only a certain abstract mathematical model that can be used for the qualitative and quantitative estimation of actual physical systems with a certain degree of accuracy. The problem of choosing a mathematical model to be used when carrying out the strength evaluation for an actual material is solved only by comparing the results of theoretical studies with experimental data [9] . The Maxwell fluid belongs to the simplest subclass of rate type fluids for which one can reasonably hope to obtain exact analytic solutions. One of the recent advances in the theoretical studies in rheology is the development of fractionalized differential and rate type models [10, 11] .
Nowadays fractional calculus became very important tools for describing natural phenomenon of complicated dynamical system in science and engineering. Such as viscoelasticity, materiel science, chemical engineering and signal processes etc. [12] . The non-local property of fractional differential equations in viscoelasticity and other application have great importance. Non-local property means that future state of a system depends not only upon its present state but also upon all of its historical states. This is more genuine and it is one of the most important reason why fractional calculus has become more and more popular. Hence more efforts have been done for solving the fractional differential equations for detail see for instance [12, 13] . It is now well-known accepted fact that fractional calculus has encountered much success in the description of complex dynamics. Specially, the description of the viscoelastic property with the fractional derivative has gained the reputation of an extremely adequate tool to model viscoelastic materials [14] [15] [16] [17] [18] . Previous studies show that the fractional derivative model could represent the viscoelastic behavior with fewer parameters, as compared with the classic integer-order derivative model. Experimental results show that the fractional derivative model has a fundamental behavior to represent the viscoelastic property [19] . Using certain special functions concerned with fractional calculus, for instance, H-Fox function, generalized Mittag-Le er function as well as Wright function the analytical solutions to the problems can be often obtained [20] . The obtained analytical solutions reveal the characteristics of flows of viscoelastic fluids and when fractional parameter(s) α → 1, the obtained solutions approach to ones of integer order fluids. The constitutive equations, especially the Maxwell model with fractional derivative, have been proved to be a valuable tool to handle viscoelastic fluid. Gemant [21] was the first who proposed a fractional viscoelastic model. He extended the notion of a Maxwell fluid by replacing its firstorder derivative on stress with the semi-derivative. There have been many papers on this subject [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The aim of this paper is to find some new exact analytical solutions for helical flow of Maxwell fluid through an accelerated cylinder. However, for completeness and motivated by the above remarks, we solve our problem for fractionalized Maxwell fluid. More precisely, our interest is to find the velocity field and the shear stresses corresponding to the motion of a fractionalized Maxwell fluid through an accelerated cylinder that at the initial moment begins to rotate around its axis with an angular velocity Ωt p , and to slide along the same axis with linear velocity 
Governing equations of fractionalized Maxwell fluid
The Cauchy stress T in an incompressible Maxwell fluid is given by [1] [2] [3] [4] [5] [6] [7] [8] 
where −pI denotes the indeterminate spherical stress due to the constraint of incompressibility, S is the extra-stress tensor, L is the velocity gradient, A = L + L T is the first Rivlin Ericksen tensor, µ is the dynamic viscosity of the fluid, λ is relaxation time, the superscript T indicates the transpose operation and the superposed dot indicates the material time derivative. The model characterized by the constitutive equations (1) contains as special case the Newtonian fluid model for λ → 0. The model (1) is consistent with some important microscopically models of polymers and its predictions of the normal-stress differences are qualitatively acceptable. It has been quite useful in the study of dilute polymeric fluids in viscoelasticity. For the problem under consideration we shall assume a velocity field and an extra-stress of the form
where e θ and ez are unit vectors in the θ and z-directions of the cylindrical coordinate system r, θ and z. For such flows the constraint of incompressibility is automatically satisfied. If the fluid is at rest up to the moment t = 0, then
and Eq. (1) implies Srr = 0 and the meaningful equations [8] (
where τ 1 = S rθ and τ 2 = Srz are the shear stresses that are different of zero. The balance of the linear momentum, in the absence of a pressure gradient in the axial direction and neglecting body forces, leads to the relevant equations (∂ θ p = 0 due to the rotational symmetry)
where ρ is the constant density of the fluid. Eliminating τ 1 and τ 2 between Eqs. (4) and (5) we attain the governing equations
where ν = µ/ρ is the kinematic viscosity of the fluid. The governing equations corresponding to an incompressible fractionalized Maxwell fluid, performing the same motion, are 
where α is the fractional parameter and the fractional differential operator so called Caputo fractional operator D α t is defined by [35, 36] 
and Γ(•) is the Gamma function. The system of fractional partial differential equations (8)- (11), with adequate initial and boundary conditions, can be solved in principle by several methods, their effectiveness strictly depending on the domain of definition. In our case the integral transforms technique presents a systematic, efficient and powerful tool. The Laplace transform can be used to eliminate the time variable while the finite Hankel transform can be employed to eliminate the spatial variable. However, the inversion procedure for the Laplace transform is heavy enough and needs much ingenuity.
Helices of fractionalized Maxwell fluid due to an accelerated cylinder
Suppose that an incompressible fractionalized Maxwell fluid at rest in an infinite circular cylinder of radius R. At time t = 0 + the cylinder begins to rotate about its axis (r = 0) with the angular velocity Ωt p and to slide along the same axis with a linear velocity Ut p . Due to shear, the fluid is gradually moved; its velocity being of the form (2) 1 while the governing equations are (8)- (11) . Such a flow is usually called helical flow, because in general, its streamlines are helices. The appropriate initial and boundary conditions are
respectively,
where H(t) [37] is the Heaviside function.
Computation of the velocity fields
Applying the Laplace transform to Eq. (8) and (9) and having in mind the initial and boundary conditions (13) and (15), we find that
where the image functions w(r, q) and v(r, q) of w(r, t) and v(r, t) have to satisfy the conditions
Multiplying now both sides of Eqs. (16) and (17) by rJ 1 (rrm) and rJ 0 (rrn), respectively, integrating them with respect to r from 0 to R and taking into account the conditions (18) and the known relations [33, 38] 
we find that
where [33, 38] 
are the Hankel transforms of w(r, q) and v(r, q), while rm and rn are the positive roots of the transcendental equations J 1 (Rr) = 0 and J 0 (Rr) = 0, respectively. In order to determine w(r, q) and v(r, q), we must apply the inverse Hankel transforms. However, for a more suitable presentation of the final results, we firstly rewrite the factors in Eqs. (21) and (22) , containing q, in equivalent forms as follows:
and apply the inverse Hankel transform formula [33, 38] 
and taking into account the following result [33] 
Finally, in order to obtain w(r, t) = L −1 {w(r, q)} and v(r, t) = L −1 {v(r, q)} and to avoid the lengthy calculations of residues and contour integrals, we will apply the discrete inverse Laplace transform method [22] [23] [24] [25] [26] [27] [28] [29] . For this, we firstly write (28) and (29) in series form (31) and applying the discrete inverse Laplace transform, we get
where the new generalized special function M γ α,β (z) is defined in term of generalized Mittag-Le er function [39] by
Computation of the shear stresses
Applying the Laplace transform to Eqs. (10) and (11), we find that
where ∂w(r, q) ∂r
∂v(r, q) ∂r
have been obtained form Eqs. (28) and (29), using the identites
(39) Substituting (37) and (38) into Eqs. (35) and (36) respectively, and applying again the discrete inverse Laplace transform method, we find that the shear stresses τ 1 (r, t) and τ 2 (r, t) have the following form
4 Limiting cases
Ordinary Maxwell fluid (α → 1)
Making α → 1 into Eqs. (32), (33), (40) and (41), we obtain the velocity fields
and the associated shear stresses
corresponding to an ordinary Maxwell fluid, performing the same motion.
Newtonian fluids (λ → 0)
Making the limit λ → 0 into Eqs. (28), (29), (37) and (38), and proceed as in the last section, the solutions for Newtonian fluids (z), we recovered the solutions obtained in [33] 
Numerical Results and Conclusion
In this not we find some new exact analytical solutions for helical flow of fractionalized Maxwell fluid through an accelerated cylinder. The motion of fluid through an accelerated cylinder that at the initial moment begins to rotate around its axis with an angular velocity Ωt p , and to slide along the same axis with linear velocity Ut p . The ex- pression of velocity field and the shear stresses are obtained using the discrete Laplace and finite Hankel transforms. They are presented in series form in term of the newly defined special function M γ α,β (z), and presented in more simple forms as comparison to the some known results from literature [33, 34] . The similar solutions for ordinary Maxwell and Newtonian fluids are obtained as spacial cases from the general solutions. Now, in order to reveal some relevant physical aspects of the obtained results, the diagrams of the velocity components w(r, t) and v(r, t) are depicted against r and t for different values of t and the parameters of interest. Fig. 2  and 3 containing the diagrams of the velocity components for four different times t and radius r, it clearly results that the influence of the rigid boundary on the motion of the fluid. Further, as expected, the two components of the velocity are increasing functions of t and r. The influence of the parameter p on the fluid motion is shown in Figs The author Najeeb Alam Khan is highly thankful and grateful to the Dean of Faculty of Sciences, University of Karachi, Karachi-75270, Pakistan and also Higher Education Commission of Pakistan for generous support and facilitating this research work.
